Let X, Y be asymmetric normed spaces and Lc(X, Y ) the convex cone of all linear continuous operators from X to Y . It is known that in general, Lc(X, Y ) is not a vector space. The aim of this note is to prove, using the Baire category theorem, that if Lc(X, Y ) is a vector space for some asymmetric normed space Y , then X is isomorphic to its associated normed space (the converse is true for every asymmetric normed space Y and is easy to establish). For this, we introduce an index of symmetry of the space X denoted c(X) ∈ [0, 1] and we give the link between the index c(X) and the fact that Lc(X, Y ) is in turn an asymmetric normed space for every asymmetric normed space Y . Our study leads to a topological classification of asymmetric normed spaces.
Introduction
An asymmetric normed space is a real vector space X equipped with a positive, subadditive and positively homogeneous function ·| X satisfying: for all x ∈ X, x| X = − x| X = 0 ⇐⇒ x = 0. (The difference between a classical seminorm and an asymmetric norm, is that the equality − x| X = x| X does not always hold. An asymmetric norm is also called a quasi-norm in [2, 3] and [15] ). Every asymmetric normed space (X, · | X ) has an associated normed space X s := (X, · s ) with the norm x s := max{ x| X , − x| X }, for all x ∈ X. A linear operator T : (X, · | X ) → (Y, · | Y ) between two asymmetric normed spaces is called continuous if it is continuous with respect to the topologies τ X on X and τ Y on Y , induced respectively by the asymmetric norms. The set of all continuous linear operators from X to Y is denoted by L c (X, Y ). The space of all linear continuous operators between the associated normed spaces (X, · s ) and (Y, · s ) is denoted by L(X s , Y s ). In the case (Y, · | Y ) = (R, · | R ), where t| R := max{0, t} for all t ∈ R, we denote X ♭ := L c (X, R) called the dual of (X, · |), and X * := L(X s , R s ), the classical topological dual of the normed space (X, · s ). For literature on asymmetric Date: 23th February 2020. 1991 Mathematics Subject Classification. Primary 46B20; Secondary 39B82; 46A22. normed spaces, linear continuous operators and their applications, we refer to [8, 9] , [11] , [2, 3] and [15] . Quasi-metric spaces and asymmetric norms have recently attracted a lot of interest in modern mathematics, they arise naturally when considering non-reversible Finsler manifolds [10, 5, 13] . For an introduction and study of asymmetric free spaces (or semi-Lipschitz free spaces), we refer to the recent paper [6] .
The dual X ♭ is formed by all linear continuous functionals from (X, · | X ) to (R, · | R ), or equivalently, by all linear upper semicontinuous functionals from (X, · | X ) to (R, | · |). In contrast to the usual case, the dual X ♭ and L c (X, Y ) are not necessarily linear spaces, but merely convex cones contained respectively in X * and L(X s , Y s ). This being said, there is no characterization, in the literature, of the asymmetric normed spaces X for which L c (X, Y ) is also an asymmetric normed space. The purpose of this note is to give a complete answer to this problem. It turns out that the answer to this question does not depend on the space Y but only on X and is linked to the"index of symmetry" c(X, · | X ) of X that we introduce in this note. This index is defined as follows (we will denote c(X) instead of c(X, · | X ) when there is no ambiguity):
This index measures the degree of symmetry of the asymmetric norm · | X . It is clear that an asymmetric norm is a norm if and only if c(X) = 1. The asymmetry of · | X , increases according to the decrease of the index c(X).
The aim of this note is to prove that the case c(X) = 0 is exactly the situation where the convex cone L c (X, Y ) (in particular the dual X ♭ ) lacks vector structure, for every asymmetric normed space Y . In consequence, from a topological point of view, the case where c(X) = 0 turns out to be the only interesting case in the theory of asymmetric normed spaces. Indeed, we prove in Corollary 2 that, (a) X ♭ is a vector space, if and only if, (b) (X, · | X ) is isomorphic to its associated normed space, if and only if, (c) L c (X, Y ) is a vector space isomorphic to L(X s , Y s ), for every asymmetric normed space Y , if and only if, (d) c(X) > 0. This means that the case where c(X) > 0, refers to the classical framework of normed spaces. The most challenging implication is (a) =⇒ (b) and uses the Baire category theorem. These statements are consequences of our first main result, Theorem 1. Our second main result (Theorem 2) shows that an asymmetric normed space X is a T 1 space if and only if its dual X ♭ is weak-star dense in (X * , w * ).
Our study eventually leads to some topological classification of the asymmetric normed spaces. There are three types of asymmetric normed spaces given in the following definition. Definition 1. Let X be an asymmetric normed space. We say that
Comments. From a topological point of view, asymmetric normed spaces of type I present no new interest compared to the classical theory of normed spaces, since these spaces are isomorphic to their associated normed spaces and the same holds for their duals (see Corollary 2) . Moreover, the class of finite dimensional T 1 asymmetric normed spaces is contained in the class of type I (see Theorem 3). Spaces of type II and III are the interesting cases, since they differ from the framework of classical normed spaces. Spaces of type III include finite dimensional spaces (for example, (R, · | R )), while spaces of type II only include infinite dimensional spaces (see Proposition 4) .
Briefly, the interest of asymmetric normed space theory, from a topological point of view, concerns only the following cases:
(i) Infinite dimensional spaces which are T 1 with c(X) = 0 (spaces of type II). (ii) Finite and infinite dimensional spaces X which are not T 1 (spaces of type III, necessarily c(X) = 0).
Types II and III (corresponding to the case of c(X) = 0) are exactly the situations where the dual X ♭ is not a vector space. Moreover, an asymmetric normed space X of type I will be always isomorphic to its associated normed space and L c (X, Y ) ≃ L(X s , Y s ) for every asymmetric normed space Y . Examples illustrating the three types of spaces will be given at the end of Section 4.3.
This paper is organized as follows. In Section 2, we recall definitions and notation from the literature. In Section 3, we give basic properties of the index of symmetry. In Section 4, we state and prove our main results (Theorem 1, Corollary 2 and Theorem 2) and discuss some consequences. Finally, in Section 4.3, we give the proofs of Theorem 3 and Proposition 4 which motivate the aforementioned classification via the index of symmetry.
Definitions and notion
In this section, we recall known properties of asymmetric normed spaces that we are going to use in the sequel. Definition 2. Let X be a real linear space. We say that · | : X → R + is an asymmetric norm on X if the following properties hold.
(i) For every λ ≥ 0 and every x ∈ X, λx| = λ x|. Let (X, · | X ) and (Y, · | Y ) be two asymmetric normed spaces. A linear operator T :
In this case, we denote T | Lc := sup x|X ≤1 T (x)| Y . It is known (see [11, Proposition 3.1] ) that a linear operator T is bounded if and only if it is continuous, which in turn is equivalent to being continuous at 0. Also, we know from [11, Proposition 3.6 ] that the constant T | Lc can be calculated also by the formula
We can see that
called the dual of the asymmetric normed space X. The topological dual of the associated normed space X s := (X, · s ) of X is denoted X * and is equipped with the usual dual norm denoted p * = sup x s ≤1 p, x , for all p ∈ X * . Note, from [11, Theorem 2.2.2], that the convex cone X ♭ is not trivial, that is, X ♭ = {0} whenever X = {0}. We always have that X ♭ ⊂ X * and p * ≤ p| ♭ , for all p ∈ X ♭ .
We say that (X, · | X ) and (Y, · | Y ) are isomorphic and we use the notation (X, ·| X ) ≃ (Y, ·| Y ), if there exists a bijective linear operator T : (X, ·| X ) → (Y, · | Y ) such that T and T −1 are bounded.
Index of an asymmetric normed space
We give the following properties of the index c(X) of an asymmetric normed space X. Denote
Recall that a topological space X is called T 1 if for every pairs of points (x, y), there exists an open set of X containing x and not containing y. It is known that a topological space X is T 1 if and only if for every x ∈ X, the singleton {x} is closed. We have the following elementary propositions.
In other words, we have that a − b| X = 0. Thus, we have that a − b = 0 and a − b| X = 0. It follows that b − a| X = 0. Let us set e := b−a b−a|X . Then, we have that e ∈ S X and − e| X = 0. Hence,Ŝ X = S X . Conversely, suppose thatŜ X = S X and let e ∈ S X be such that − e| X = 0. This implies that the singleton {0} is not closed in X. Hence, X is not T 1 .
Therefore, we have that
Proof. Let x ∈ X such that x| = 0, then x x| ∈ S X and −x x| | ≥ c(X) > 0. It follows that − x| = 0. Equivalently, − x| = 0 =⇒ x| = 0 and so x = 0. It follows thatŜ X = S X and so X is a T 1 space. On the other hand,
Indeed, it sufices to take z = − x −x| . From this, we have that 
Suppose that c(X) > 0. Then, we have the following formulas:
and,
Proof. Formula (1) follows easily from Proposition 2, the rest of the assertions are simple consequences of this formula.
The above proposition says that if c(X) > 0, then (X, · | X ) and (X, · s ) (and also (L c (X, Y ), ·| Lc ) and (L(X s , Y s ), · Ls )) are topologically the same. In this case, the topology of the asymmetric spaces coincides with the topology of normed spaces.
Remark 1. We proved in Proposition 2 that if c(X) > 0, thenŜ X = S X . The converse of this fact is not true in general, see for instance Example 3.
The main results
This section is devoted to the main results Theorem 1, Theorem 2 and Corollary 2 and their consequences.
Let (X, · | X ) and (Y, · | Y ) be asymmetric normed spaces. For each r > 0, denote
Recall that (Y, · | Y ) is called a biBanach asymmetric normed space, if its associated normed space (Y, · s ) is a Banach space. In this case, the space (L(X s , Y s ), · Ls ) is also a Banach space. We need the following lemma. Proof. Let (T n ) be a sequence in B Lc (0, r) that converges to T ∈ L(X s , Y s ) for the norm · Ls and let us prove that T ∈ B Lc (0, r). Indeed, for all n ∈ N and all x ∈ X, we have
Sending n to +∞, we get that T (x)| Y ≤ r x| X , for all x ∈ X. It follows that T ∈ B Lc (0, r) which implies that B Lc (0, r) is a closed subset of the space (L(X s , Y s ), · Ls ). To see that B Lc (0, r) is dense in B Lc (0, r) for the norm · Ls , let T ∈ B Lc (0, r) and consider the sequence
Then, T n ∈ B Lc (0, r) for all n ∈ N and T − T n Ls = 1 n T Ls → 0. Remark 2. Since B Lc (0, r) is a closed subset of (L(X s , Y s ), · Ls ), then (B Lc (0, r), · Ls ) is a complete metric space and so the Baire cathegory theorem applies. However, we dont know if the whole space (L c (X, Y ), · Ls ) is a Baire space. In general it is not closed in (L(X s , Y s ), · Ls ) (see Corollary 5 in the case where (Y, · | Y ) = (R, · | R )).
4.1.
The first main result and consequences. Our first main result is the following theorem, which gives a necessary and sufficient condition so that L c (X, Y ) is not a vector space. This frame corresponds to the case where c(X) = 0, and it is this case that makes the theory of asymmetric normed spaces interesting. Theorem 1. Let (X, ·| X ) be asymmetric normed space. Then, the following assertions are equivalent.
(i) c(X) = 0.
(ii) For every biBanach asymmetric normed space (Y, · | Y ) and every H ∈ L c (X, Y ) and r > 0, the set
is a G δ dense subset of (B Lc (0, r), · Ls ). In particular, L c (X, Y ) is not a vector space. (iii) There exists a biBanach asymmetric normed space (Y, · | Y ) such that the convex cone L c (X, Y ) is not a vector space.
Proof. First, let us note that we can assume without loss of generality that r = 1.
(i) =⇒ (ii) For each k ∈ N, let us set
Clearly, we have that ∩ k∈N O k = G(H). By the Baire theorem, G(H) will be a G δ dense subset of (B Lc (0, 1), · Ls ) whenever, for each k ∈ N, the set O k is open and dense in the complete metric space (B Lc (0, 1), · Ls ) (see Lemma 1). (0, 1) , · Ls ). Now, let us prove that O k is dense in (B Lc (0, 1), · Ls ), for each k ∈ N. Since (B Lc (0, 1), · Ls ) is dense in (B Lc (0, 1), · Ls ) (by Lemma 1), it suffices to prove that O k is dense in (B Lc (0, 1), · Ls ). Let T ∈ B Lc (0, 1) and 0 < ε < 1 − T | Lc . Since c(X) = 0, there exists a sequence (a n ) ⊂ X such that a n | X = 1 for all n ∈ N and − a n | X → 0. Let us set I := {n ∈ N : − a n | X = 0}. We have two cases: Case 1. I = ∅. In this case, for all n ∈ N, let z n := −an −an|X . We see that z n | X = 1, −z n = an −an|X and − z n | X = 1 −an|X . Using the Hahn-Banach theorem [11, Theorem 2.2.2], for each n ∈ N, there exists p n ∈ X ♭ such that p n | ♭ = 1 and p n , −z n = − z n | X > 0. Now, let e ∈ Y such that e| Y = e s = 1 and consider the operators
Let us prove that
x → T (x) + ε p n , x e.
We have, T + εp n e| Lc ≤ T | Lc + ε p n e| Lc = T | Lc + ε p n | ♭ = T | Lc + ε < 1, so that T + εp n e ∈ B Lc (0, 1) ⊂ B Lc (0, 1). On the other hand,
Since − a n | X → 0, when n → +∞, there exists a subsequence (a n k ) such that ε −an k |X − H + T | Lc > k for each k ∈ N. Hence, for each k ∈ N, we have that z n k | X = 1 and
From formula (5), we have that T + εp n k ∈ O k . Since, (T + εp n k e) − T Ls = εp n k e Ls ≤ ε p n k | ♭ = ε, it follows that O k is dense in (B Lc (0, 1) , · Ls ). Case 2. I = ∅. In this case, there exists n 0 ∈ I such that a n0 | X = 1 and − a n0 | X = 0. Using the Hahn-Banach theorem [11, Theorem 2.2.2], let p ∈ X ♭ \ {0} such that p| ♭ = 1 and p, a n0 = a n0 | X = 1. Thus, we have that
On the other hand, we have that T + εpe|
Hence, in both cases, we have that ∩ k∈N O k = G is a G δ dense subset of (B Lc (0, 1), · Ls ).
(ii) =⇒ (iii) is trivial. (iii) =⇒ (i) Suppose that there exists a biBanach asymmetric normed space (Y, · | Y ) such that the convex cone L c (X, Y ) is not a vector space. Then, there exists T ∈ L c (X, Y ) \ {0}, such that −T ∈ L c (X, Y ). Thus, for each n ∈ N, there exists x n ∈ X such that − T (x n )| Y > n x n | X . It follows that, for all n ∈ N
Let us set z n = −xn −xn|X (since − x n | X = 0) for all n ∈ N. Then, for all n ∈ N,
Remark 3. It does not seem obvious to show part (i) =⇒ (iii) directly without using the Baire theorem, in other words, without passing through part (i) =⇒ (ii).
Corollary 1. Let (X, · | X ) be asymmetric normed space with c(X) = 0 and (Y, · | Y ) be a biBanach asymmetric normed space. Then, the set
Proof. Using Theorem 1 with r = ε for every ε > 0, we get that for every
Using Theorem 1 and Proposition 3, we give in the following corollary a complete characterization for the convex cone L c (X, Y ) to be a vector space. The non trivial part of the following corollary is the implication (v) =⇒ (i), which is a consequence of Theorem 1. Note also that thanks to Proposition 3, we do not need to assume that Y is biBanach in the following corollary, since the condition of biBanach used in Theorem 1 is implicitly verified for the space (R, · | R ) in part (v).
Corollary 2. Let (X, · | X ) be an asymmetric normed space. Then, the following assertions are equivalent.
(i) c(X) > 0.
(ii) (X, · | X ) is isomorphic to its associated normed space.
The following result shows that if an asymmetric normed space X is a dual of some asymmetric normed space, then necessarily it is isomorphic to its associated normed space, in other words c(X) > 0. Corollary 3. Let (X, · |) be an asymmetric normed space and suppose that c(X) = 0. Then, X can not be the dual of an asymmetric normed space. The converse is false in general (ex. the Banach space X = (c 0 (N), · ∞ ), is not a dual space but c(X) = 1).
Proof. Suppose that there exists an asymmetric normed space Y such that (Y ♭ , · | ♭ ) = (X, · |). We prove that c(Y ) = 0. Indeed, suppose by contradiction that c(Y ) > 0, then by formula (3) of Proposition 3 (applied with the spaces (Y, · | Y ) and (R, · | R )), we have that
This implies that c(X) ≥ c(Y ) > 0, which contradict the fact that c(X) = 0. Hence, c(Y ) = 0. Now, using Theorem 1, we get that Y ♭ is not a vector space which contradict the fact that X = Y ♭ is a vector space. Finally, X cannot be the dual of an asymmetric normed space.
Corollary 4. Let X be an asymmetric normed space. Then, either
Proof. If c(X) > 0, then by Corollary 2, we have that L c (X, Y ) is an asymmetric normed space isomorphic to L(X s , Y s ), thus we have that
Otherwise, we have that c(X) = 0. In this case, to see that L c (X, Y ) ∩ (−L c (X, Y )) is of first Baire category in the space (L(X s , Y s ), · Ls ), it suffices to observe, using Theorem 1 with H = 0 and r = 1, that we have
so that, it is of first Baire category in (L(X s , Y s ), · Ls ), being the countable union of first Baire category sets.
4.2.
The second main result. Now, we give our second main result. We are interested in the following result, concerning the density of the dual X ♭ in X * . By X ♭ w * , we denote the weak-star closure of X ♭ in (X * , w * ). Proof. Assume that X is a T 1 space. Suppose by contradiction that X ♭ w * = X * and fix p ∈ X * \ X ♭ w * . By the classical Hahn-Banach theorem in the Hausdorff locally convex vector space (X * , w * ), there exists x 0 ∈ X \ {0} and α ∈ R, such that p, x 0 > α ≥ q, x 0 , for all q ∈ X ♭ w * .
Since X is T 1 space and x 0 = 0, we have that x 0 | > 0. Now, using [11, Theorem 2.2.2] , there exists q 0 ∈ X ♭ such that q 0 | ♭ = 1 and q 0 , x 0 = x 0 |.
Since X ♭ ⊂ X ♭ w * is a convex cone, we obtain using (6) that for all n ∈ N,
This implies that x 0 | = 0 which is impossible. Hence, X ♭ w * = X * . Conversely, suppose that X ♭ w * = X * . We need to show that x| > 0 whenever x = 0. Indeed, let x = 0. By the Hahn-Banach theorem (in X * ), there exists p ∈ X * such that p * = 1 and p, x = x s > 0. On the other hand, p ∈ X ♭ w * = X * , thus, for every ε > 0, there exists q ε ∈ X ♭ such that
Suppose by contradiction that x| = 0. It follows that for every ε > 0, q ε , x ≤ q ε | ♭ x| = 0. So using the above formula, we get that x s ≤ ε for every ε > 0 which implies that x = 0 and gives a contradiction. Hence, x| > 0 for every x = 0, which implies that X is a T 1 space.
Remark 4. Following the same arguments as in the above proof, we get that in general span(X ♭ ) w * = X * (even if X is not a T 1 space).
We know from [8, Theorem 4. ] (see also [11, Proposition 2.4.2.] ) that B ♭ (0, 1) is always weak-star closed in (X * , w * ) (in fact, weak-star compact). On the other hand, B ♭ (0, 1) is always norm closed in (X * , · * ) (see Lemma 1) . These results are not always true for the whole space X ♭ , when c(X) = 0. We have the following characterization.
Corollary 5. Let (X, · |) be a T 1 asymmetric normed space. Then, X ♭ is weak-star closed in (X * , w * ) if and only if, c(X) > 0 if and only if X is isomorphic to its associated normed space.
Proof. If c(X) = 0, by Theorem 1 we know that X ♭ = −X ♭ . It follows that X ♭ = X * and so by Theorem 2, X ♭ = X ♭ w * = X * . Equivalently, X ♭ = X ♭ w * , implies that c(X) > 0. Conversely, c(X) > 0 is equivalent to the fact that X ♭ is isomorphic to X * by Corollary 2 and so it is in particular is weak-star closed in (X * , w * ).
Remark 5. Note that, if we assume that X * is a reflexive space, then we can replace the w * -closure by the · * -closure. This follows from the well-known Mazur's theorem on the coincidence of weak and norm topologies on convex sets (see [4] ), so we have that X ♭ w * = X ♭ w = X ♭ · * , since weak-star and weak topologies coincide in reflexive spaces.
Classification and examples.
There are several topological studies of asymmetric normed spaces, see for instance [1] , [11] and [13] . Our study leads to the classification given in Definition 1 and the commentary which follows it (see introduction). Recall that the two possible situations which go beyond the classical framework of normed spaces are:
These affirmations are consequences of Corollary 2, Proposition 4 and Theorem 3. Let (X, · |) be an asymmetric normed linear space endowed with the topology τ ·| induced by the quasi-metric defined by
The closed unit ball B ·|X (0, 1) is the set {y ∈ X : y| ≤ 1}.
A set K ⊂ X is said to be compact if it is compact considered as a subspace of X with the induced topology, that is, (K, · |) is compact with respect to the topology τ ·| |K . A set K of X is compact if every sequence in K has a convergent subsequence whose limit is in K.
The following proposition shows that a finite dimensional asymmetric normed space can never be of type II. Proposition 4. Let (X, · | X ) be an asymmetric normed space. Suppose that X is of type II. Then, the closed unit balls B ·|X (0, 1) and B · s (0, 1) of X and its associated normed space respectively, are not compact, and consequently, X is infinite dimensional.
Proof. From the definition of spaces of type II, there exists a sequence (x n ) ⊂ X such that x n | X = 1 for all n ∈ N and 0 < − x n | X → 0. We can assume without loss of generality that 0 < − x n | X < 1 so that x n s = x n | X = 1 for all n ∈ N. Suppose by contradiction that B ·|X (0, 1) is compact. Let (x n k ) be a subsequence converging for · | X to some a ∈ X.Then, − a| X ≤ x n k − a| X + − x n k | X → 0, which implies that − a| X = 0. Since X is a T 1 space, then a = 0. This contradict the fact that x n k − a| X = x n k | X = x n k s = 1 for each k ∈ N. Hence, the sequence (x n ) has no convergent subsequence neither for · | X nor for · s (since · | X ≤ · s ). Thus, the closed unit balls B ·|X (0, 1) and B · s (0, 1) are not compact. In particular X is of infinite dimentional.
The following theorem shows that a T 1 space of finite dimension is necessarily isomorphic to its associated normed space, or equivalently, it is of type I. Theorem 3. Let (X, · | X ) be an asymmetric normed space of finite dimension. Then, X is T 1 if and only if X is of type I, if and only if X is isomorphic to its associated normed space.
Proof. Suppose that X is T 1 , then, X is not of type III. Since, spaces of type II are infinite dimensional by Proposition 4, it follows that X, is of type I. Hence, equivalently, by Corollary 2, X is isomorphic to its associated normed space. The converse is trivial.
We recover the result of García-Raffi in [7, Theorem 13.] in the following corollary. Corollary 6. The closed unit ball of a T 1 asymmetric normed space X is compact, if and only if it is finite dimensional.
Proof. Suppose that X is finite dimensional. Since X is T 1 , then by Theorem 3, X is isomorphic to its associated normed space. Thus, the closed unit ball of (X, · | X ) is compact. Conversely, suppose that the closed unit ball of (X, · | X ) is compact. Then, by Proposition 4, X is not of type II. Since, X is T 1 , then X is of type I and so (X, · | X ) is isomorphic to (X, · s ) (by
